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ABSTRACT 

We present examples which show that  a substantial  s t rengthening of the 

hypothesis in the almost isometric part  of a theorem of Elton on g~ sub- 

systems does not lead to a substantially stronger conclusion. 

A well-known theorem of Elton [1, Theorem 1] on the existence of g~ sub- 
systems is in two parts. The second part, which is 'almost isometric' in character, 
may be formulated as follows. 

THEOREM E: Let  ee E (0, 1/2) and let/~ c (0, 1). There exists 5 < 1 (depending 
e n only on a and fl) such that  i f (  i)i=l are vectors in the unit ball o f  a real Banach 

space X such that  

(:) 
average+ ~i=l +el ~_ (~n 
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(the average taken over all choices of J:) then there exists A C_ {1, 2 , . . . ,  n}, with 

[A I _> (1/2 - a)n, such that 

iEA iEA 

for all scalars (ai)ieA. 

We are not concerned here with the first part of [1, Theorem 1], which is 

'isomorphic' in character: the reader is referred to [1] for this result (and to [3] 

for the case of complex scalars); the reader is referred to [4] and [5] for further 

isomorphic results related to Theorem E. 
An example due to Szarek [1, p. 121] shows that it is not possible to choose A 

in Theorem E to satisfy [A[ _> (1 /2+a )n .  The theorem below answers a question 

raised in [1, p. 114] by showing that it is not possible to choose A in Theorem E 
to satisfy IAI _> (1/2 + a)n even if the hypothesis (1) is replaced by the stronger 

hypothesis 
n 

m i n  E -t-ei > 6n .  
:t: i = 1  

In fact, given fl > 0, our example can be constructed (see (ii) of the Theorem) 

to satisfy 
n 

rain E + e i  >_n- /~ .  
-1- i = 1  

Recall that a sequence (Yi)in=l in a Banach space X is s u p p r e s s i o n  
1 -uncond i t iona l  if, whenever A C_ B C_ {1, 2 , . . . ,  n}, then tl F,A a~ydl <__ 

e n II E B  a~y~ll for all scalars (ai). In the following, ( i)i=1 denotes the standard 
n basis of R n and [l" 1tl denotes the e~ norm. For a vector x = ~ i=1  xiei, suppx 

denotes the set {1 < i < n: xi # 0}. 

THEOREM: Let a E (0, 1/2) and let ¢~ E (0, 1). For all sufficiently large n there 

exists a norm II-II on R- with the following properties: 
e n (i) ( i)i=l is a suppression 1-unconditional normalized basis of (R n, I1" II)- 

(ii) 

for all choices of signs. 

(iii) For every A c {1 ,2 , . . . ,  n}, with ]AI = 1 + [(1/2 + a)n] ,  there exists a 

nonzero vector x, with supp x C_ A, such that 

(2) Ilxll~ > (1 + ,~(~, ~))llxll, 
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where c~fl 

~/(a' fl) = (3a + 1) [(2 In 2) /a  2] - aft" 

Remark: Note that z/(a, fl) >_ cc~3fl, where c is an absolute constant. This linear 

dependence of z/on fl is optinml since (ii), Ileill < 1, and the triangle inequality 

imply 
llxl[ >_ (1 -  )11-111 (* e Rn). 

The following probabilistic lemma will be used to construct 11" II. (Here A A B  

denotes the s y m m e t r i c  d i f ference  of A and B.) 

LEMMA: Let a E (0, 1). For all sutt~ciently large n there exist n sets Si C 

{1, 2 , . . . ,  n} (1 < i < n) satisfying tile following: for every S c_ {1, 2 , . . . ,  n}, we 

have 

21n2 
I{1 < i < n: m i n ( l S A & l , J ( I \  S)/~&]) <_ ( 1 / 2 -  ~/2)n}l  < ~2 " 

Proo~ First we recall a well-known estimate (see, e.g., [2] for a more gen- 
E oo eral inequality). Let ( m)m=* be a sequence of independent Bernoulli random 

variables (defined on a probability space (f~, P)) taking the values 1 and -1  with 

probability 1/2. Then, for c~ > 0 and n > 1, we have 

Set k = [(21n2)/c~ 2] + 1. We shall choose the sets & independently with the 

uniform distribution. Fix S G {1, 2 , . . . ,  n}. Then, for each 1 < i < n, we have 

_< (1 /2  - < exp(--n 2/2). 

Indeed, this is precisely equivalent to (3) if we identify subsets of {1, 2 , . . . ,  n} 
with sequences of l 's  and - l ' s  in the obvious way. Hence 

P(min(lSASi(w)[, [(I \ S)ASi(w)[) <_ (1/2 - a/2)n) <_ 2exp(-na2/2). 

Now fix I <_ jl < j2 < .-. < jk _< n. By independence, we have 

1'(min(ISA&(w) I, J ( I ' -S)A&(w)D < (1/2 - c¢/2)n for a l l / e  { j l , . . .  , jk})  

< 2kexp(--knv~2/2). 

So the probability that there exists S C_ {1, 2 , . . . ,  n} and that there exist indices 

l <_ j l  < j2 < . . .  < jk K_ n for which 

min(]SASi(w)i ,  I(I \ S )ASi (w)D <_ (1/2 - a /2 )n  
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for all i E { j l , . . .  ,jk} is a t  most  

Since ka2/2 - In 2 > 0, this probabi l i ty  is less than  1 for all sufficiently large n. 

So, for all sufficiently large n, there exists w C gt such tha t  Si(w) (1 < i < n) 

satisfy the conclusion. I 

Now we s ta r t  on the proof  of the Theorem.  Let  I = {1, 2 , . . . ,  n} and let (Si) i~l  

satisfy the conclusion of the L e m m a  for a e (0, 1/2).  Let  k (a )  = [ (21n2) /a2J  

and let "y = fl/k((~). Note tha t  "y e (0, 1). 

For 1 < i < n, we say tha t  a set S C I is i - l a r g e  if either IS/kS~I < (1/2-a/2)n 
or I ( I \  S)/kSil < (1/2 - a/2)n. Note tha t ,  for each 1 < i < n, the collection of 

a l l / - l a rge  sets is closed under complementa t ion .  

Let y = (Yi)iEI be a vector  whose coordinates  belong to the interval [ -1 ,  1]. 

We s e t P ( y ) = { i E I : y i > l - 7 } a n d g ( y ) = { i E I : y i < - l + 7 } .  F o r S _ C I ,  

we say tha t  y is S - a d m i s s i b l e  and tha t  y is o b t a i n e d  f r o m  S if the following 

condit ions hold: 

(a) lYil -< 1 - ? whenever S is i-large. 

(b) P(y) C_ S and g(y)  C_ I \  S. 
Note tha t  if y is S-admissible then - y  is ( I  \ S)-admissible.  This  follows f rom 

the fact t ha t  the collection o f / - l a rge  sets is closed under  complementa t ion .  

A vector  y is said to be a d m i s s i b l e  if y is S-admissible for some S C I .  Let  

F denote  the collection of all admissible vectors. Then  F is symmetr ic ,  i.e., if 

y E F then  - y  C F .  

Now we can define the norm I1" I1: 

(4) ~ xiei = m a x  ~ xiyi. 
yEF iEI 

The  s y m m e t r y  o f F  guarantees  tha t  (4) defines a norm. The  fact tha t  this norm is 

suppression 1-unconditional is an immedia te  consequence of the following easily 

checked p roper ty  of F :  if y C F and z is obta ined from y by replacing some of 

the coordinates  of y by zeros, then z E F .  I t  is also easy to check tha t  Ile~lt = 1 

for all 1 < i < n. 

Proo£of (ii): Let ~ = (,1i)i~=1 be a choice of signs. Define y = (Yi) thus: 

yi = { ~ ~ if P(v) is not i-large, 
- ")')~i if P (~)  i s / - large .  
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Clearly, y is P(~})-admissible, so y E F.  By the Lemma, P(q) is /-large for at 

most k(a)  indices i. Thus 

>>_ qiYi > ~?~ - k ( a ) 7  = n - •. I 
i----1 i=1 

Proof  of  (iii): Suppose A C I with IA[ = 1 + [(1/2 + a )n] .  Choose i0 e A 

and set A = A \ { i o }  (so tha t  [-41 = [(1/2 + con]).  We define a vector x, with 

supp x = A, thus: 

I - ( 1 / 2 + a / 2 ) n  f o r i = i  9, 
xi  = 14 for i 6 A n Sio, 

1 for i 6 A N ( I  ". Sio), 
O otherwise. 

Now let us show tha t  Ilxl[ satisfies (2). Let y be an admissible vector tha t  is 

obtained from S C_ I. Suppose tha t  

(5) [ f l n S ~ o N P ( y ) ] + [ f t n ( I \ S i o ) N N ( y ) [ > ( 1 / 2 + a / 2 ) n .  

Since P ( y )  C_ S and N ( y )  C_ I ". S,  we have 

ISio n S I ÷ I(I \ S~o) N (I \ S)l > (1/2 ÷ a /2 )n .  

Thus, 

IS, oASl < ( 1 / 2 -  ~/2),~. 
So S is/o-large. Thus lY,ol -< 1 - 7. Hence 

E xiYi = zioYi o + E xiYi 
(6) ief ieii 

< (1 - 7)(IAI - (1/2 + a /2 )n )  + [A I. 

Note tha t  if i E A \ ((A n S~o N P ( y ) )  U (fi~ n (I  \ Sio) n N(y))) ,  then x~y~ <_ 1 - 7. 

It follows that  if (5) does not hold, then 

E x i y i  _< lX,ol + IAI - 7(121 - (1/2 + c~/2)n) 
iCI 

(7) = (IAI - (1/2 + a /2 )n )  + IAI - 7(IAI - (1/2 + a /2 )n )  

= (1 - 7)(IAI - ( 1 /2  + ~ / 2 ) n )  + I~il. 

It follows from (6) and (7) tha t  

n 

(8) Ilxll = sup ~ xiy i  < (1 - ,,/)(lfil - (1/2 + c~/2)n) + 141. 
yEF ~=1 
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But 

(by (S)) 

(by (8) again) 

Ilxll~ = Ix,ol + IAI 

= (IA.I - (1 /2  + a / 2 ) n )  + Ifi._.l 

~> IIx]l + ~( IAI  - (1 /2  + o~/2)n) 

~(tAI - (1/2 + ~/2)n) ) 
>_ 1+ (1- ~ ) ~  (1/2 +a/2)n) + IAI llxll 

_> 1+"7 ( 1 - " y ) + - -  Ilxlt 

since 14[ > (1/2 + a)n. Substituting k ( a ) =  L(21n2)/a2J and "7 = f l / k (a ) in to  

the above inequality yields (2). | 
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