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ABSTRACT

We present examples which show that a substantial strengthening of the
hypothesis in the almost isometric part of a theorem of Elton on £} sub-
systems does not lead to a substantially stronger conclusion.

A well-known theorem of Elton [1, Theorem 1] on the existence of £} sub-
systems is in two parts. The second part, which is ‘almost isometric’ in character,

may be formulated as follows.

THEOREM E: Let a € (0,1/2) and let f € (0,1). There exists 6 < 1 (depending
only on a and ) such that if (e;)?_, are vectors in the unit ball of a real Banach

space X such that

n
aveiage Z:I:ei > 6n

i=1
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(the average taken over all choices of +) then there exists A C {1,2,...,n}, with
|A} > (1/2 — a)n, such that

E ai€;

i€A

>BY lail

i€A

for all scalars (a;)ica.

We are not concerned here with the first part of [1, Theorem 1], which is
‘isomorphic’ in character: the reader is referred to [1] for this result (and to (3]
for the case of complex scalars); the reader is referred to [4] and [5] for further
isomorphic results related to Theorem E.

An example due to Szarek [1, p. 121] shows that it is not possible to choose A
in Theorem E to satisfy JA| > (1/24 a)n. The theorem below answers a question
raised in [1, p. 114] by showing that it is not possible to choose A in Theorem E
to satisfy |A| > (1/2 + a)n even if the hypothesis (1) is replaced by the stronger

hypothesis
n
> e

=1

In fact, given 3 > 0, our example can be constructed (see (ii) of the Theorem)

to satisfy
n
> e
i=1

Recall that a sequence (y;)?, in a Banach space X is suppression
l-unconditional if, whenever A C B C {1,2,...,n}, then ||}, a;iys|| <
| 3" p aiys|| for all scalars (a;). In the following, (e;)i..; denotes the standard
basis of R* and || - [|; denotes the £} norm. For a vector z = Y., z;€;, suppz
denotes the set {1 <14 < n: z; # 0}.

min > on.
+

min >n-4.
i >n-8

THEOREM: Let o € (0,1/2) and let 8 € (0,1). For all sufficiently large n there

exists a norm || - || on R® with the following properties:
(i) (es)™, is a suppression 1-unconditional normalized basis of (R, |- ||).
(i)

>n-p

n
Z :te,;
i=1

for all choices of signs.
(ili) For every A C {1,2,...,n}, with |A] = 1+ [(1/2 + a)n], there exists a
nonzero vector x, with suppx C A, such that

(2) “33”1 > (1 + 7’(aaﬂ))“$”1
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where

af
(Ba+1)|(2In2)/a?] —af’

Remark: Note that n(c, 8) > ca3B, where ¢ is an absolute constant. This linear

77(04 ﬂ) =

dependence of 7 on  is optimal since (i), ||ei]| < 1, and the triangle inequality
imply
Izl = (1 - B)lzll, (= €R").

The following probabilistic lemma will be used to construct || - ||. (Here AAB
denotes the symmetric difference of A and B.)

LEMMA: Let a € (0,1). For all sufficiently large n there exist n sets S; C
{1,2,...,n} (1 <i < n) satisfying the following: for every S C {1,2,...,n}, we
have
21n2

a?

{1 < i < n: min(|SAS;L (IS S)AS]) < (1/2 - a/2)n}]| <

Proof: First we recall a well-known estimate (see, e.g., [2] for a more gen-
eral inequality). Let (£,,)5_; be a sequence of independent Bernoulli random
variables (defined on a probability space (€, P)) taking the values 1 and —~1 with
probability 1/2. Then, for a > 0 and n > 1, we have

(3) P (i Em = an) < exp(—na?/2).

m=1

Set k = |(2In2)/a?| + 1. We shall choose the sets S; independently with the
uniform distribution. Fix S C {1,2,...,n}. Then, for each 1 <7 < n, we have

P(|SAS;(w)] < (1/2 — a/2)n) < exp(—na?/2).

Indeed, this is precisely equivalent to (3) if we identify subsets of {1,2,...,n}
with sequences of 1’s and —1’s in the obvious way. Hence

P(min(|SAS;(w)], [(I~ S)AS; (w)]) < (1/2 — a/2)n) < 2exp(—na?/2).
Now fix 1 < j; < j2 < ... < jJx < n. By independence, we have

P(min(|SAS;(w)], |(I~ S)AS;(w)]) < (1/2 - a/2)n for all i € {j1,...,Jk})
< 2%exp(—kna?/2).

So the probability that there exists S C {1,2,...,n} and that there exist indices
1< 751 <j32<...< 3k < n for which

min(|SAS;(w)|, (I~ S)ASi(w)) < (1/2 - a/2)n
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for all 2 € {j1,...,jk} is at most
nf Yok 2 Y ok 2
2 <k>2 exp(—kna/2) = <k>2 exp(—n(ka®/2 — ln2)).

Since ka2/2 — In2 > 0, this probability is less than 1 for all sufficiently large n.
So, for all sufficiently large n, there exists w € Q such that S;(w) (1 < i < n)
satisfy the conclusion. |

Now we start on the proof of the Theorem. Let I = {1,2,...,n} and let (S;)™,
satisfy the conclusion of the Lemma for @ € (0,1/2). Let k() = {(2In2)/a?|
and let v = 3/k(a). Note that v € (0,1).

For 1 < i < n, we say that aset S C [ is i-large if either |[SAS;| < (1/2—a/2)n
or [(I~S)AS;] < (1/2 — a/2)n. Note that, for each 1 <4 < n, the collection of
all i-large sets is closed under complementation.

Let ¥ = (y;)ser be a vector whose coordinates belong to the interval [—1,1].
Weset Ply)={iel:y;>1—v}and N(y) ={i€l:y; < —=1++}. For SC I,
we say that y is S-admissible and that y is obtained from S if the following
conditions hold:

(a) |yi| < 1— whenever S is i-large.

(b) P(y) C S and N(y) CI~S.
Note that if y is S-admissible then —y is (I ~ S)-admissible. This follows from
the fact that the collection of i-large sets is closed under complementation.

A vector y is said to be admissible if y is S-admissible for some S C I. Let
F denote the collection of all admissible vectors. Then F' is symmetric, i.e., if
y € F then —y € F.

Now we can define the norm || - ||

E i€

iel

4

:maxE ;.
eF
Y& er

The symmetry of F guarantees that (4) defines a norm. The fact that this norm is
suppression 1-unconditional is an immediate consequence of the following easily
checked property of F: if y € F and z is obtained from y by replacing some of
the coordinates of y by zeros, then z € F. It is also easy to check that |le;{l =1
foralll << n.

Proof of (ii): Let n = (n;)?., be a choice of signs. Define y = (y;) thus:

_dm if P(n) is not i-large,
Yi= (1—y)n; if P(n) is i-large.
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Clearly, y is P(n)-admissible, so y € F. By the Lemma, P(n) is i-large for at
most k() indices i. Thus

n
E ni€q
i=1

Proof of (iii): Suppose A C I with |4| = 1+ [(1/2 + a)n]. Choose iy € A
and set A = A~{ig} (so that [A] = [(1/2 + a)n]). We define a vector z, with
suppx = A, thus:

n n
> mwi >y ni—k(@)y=n—-p. 8
=1 i=1

|A| - (1/2+ a/2)n  for i = 4o,

@, = 1 forie ANS;,,
-1 forie AN(INS,),
0 otherwise.

Now let us show that ||z|| satisfies (2). Let y be an admissible vector that is
obtained from S C I. Suppose that

(5) |AN Si, N P(y) + AN (I Sig) NN ()| > (1/2+ a/2)n.
Since P(y) C S and N(y) C I~ S, we have
[Si, NS|+ [(INSi)N(INS) > (1/2+ a/2)n.

Thus,
|G, AS] < (1/2 — a/2)n.
So S is ig-large. Thus |y;,| < 1—+. Hence
Z TiYi = TigYio + Z TiYi
(8) = icd
< (1=7)(Al = (1/2+ a/2)n) + |A].
Note that if i € AN((ANS;, NP(y))U(AN(IN S;,) NN (y))), then a;y; < 1—1.
Tt follows that if (5) does not hold, then

inyi <z ) + ]121] — 'y(]fl! ~(1/2+ a/2)n)
7) = (] = (172 + a/2)n) + |A] — 7(1A] - (1/2+ a/2)m)
= (1—)(|A] = (1/2 + a/2)n) + |A].

It follows from (6) and (7) that

® ol = sup 3 s € (1= )l 172+ 0/2)n) + 1)
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But
il = |zi] + Al
= (Al - (1/2+ a/2)n) + |4]
> |lell +v(1Al - (1/2+ a/2)n)
(by (8))

N (1 o A2+ 0/29m) ) el
T a-n04l - (1/2+a/2)m) + 4]

> (1 + {(1 -7+ L +a2a}_l> Iz

since |A| > (1/2 + a)n. Substituting k(a) = |(2In2)/a?] and v = B/k(«) into
the above inequality yields (2). ]

(by (8) again)
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